Abstract. This paper establishes two techniques to construct larger distance magic and (a, d)-distance antimagic graphs using Harary graphs and provides a solution to the existence of distance magicness of G • C 4 and G × C 4 , for every non-regular distance magic graph G with maximum degree |V (G)| − 1.
Introduction
In this paper, we consider only simple and finite graphs. We use V (G) for the vertex set and E(G) for the edge set of a graph G. The neighborhood N G (v), or shortly N (v) of a vertex v of G is the set of all vertices adjacent to v. For standard graph theoretic notations and definitions, we refer Bondy and Murty [1] , and Hammack et al. [2] .
A distance magic labeling of G is a bijection f : V (G) → {1, 2, ..., |V (G)|}, such that for any u of G, the weight of u, w G (u) = v∈N G (u) f (v) is a constant c. A graph G that admits such a labeling is called a distance magic graph.
The concept of distance magic labeling was studied by Vilfred [3] as sigma labeling. Later, Miller et al. [4] called it a 1-vertex magic vertex labeling and Sugeng et al. [5] referred the same as distance magic labeling.
An equalized incomplete tournament of n teams with r rounds, EIT (n, r) is a tournament which satisfies the following conditions:
(i) every team plays against exactly r opponents.
(ii) the total strength of the opponents, against which each team plays is a constant. Therefore, finding a solution for an equalized incomplete tournament EIT (n, r) is equivalent to establish a distance magic labeling of an r-regular graph of order n. For more details, one can refer [6, 7] .
The important results and problems, which are relevant and helpful in proving our results, are listed below. Theorem 1.1. [3, 4, 8, 9] No r-regular graph with r-odd can be a distance magic graph.
with f (u) = i, then there exists v ∈ N G (w) and v = u such that f (v) = n + 1 − i. We call u and v are the twin vertices to each other. Also, the label-sum of twin vertices, f (u) + f (v) is equal to n + 1.
From [10] , we observe that G is a balanced distance magic graph if and only if G is regular and the vertex set of G can be expressed as {v i , v i : 1 ≤ i ≤ . In this paper, the vertices 0, 1, ..., n − 1 of Harary graph, H m,n are renamed as v 0 , v 1 , ..., v n−1 . Clearly for m = n − 1, H m,n ∼ = K n and for all m, n, H 2m,n ∼ = C m n . When m = 2, 3 and 5, the distance magic labeling of C m n is completely characterized in [11] . In addition to that Lemma 1.2, Theorem 1.3 and 1.4 confirms that distance magic Harary graphs always contain a subclass of C m n . Shafiq et al. [12] proved the following result and posted a problem on the existence of distance magic labeling of product G • C 4 , for any non-regular graph G. Theorem 1.5. [12] Let r ≥ 1 and n ≥ 3. If G is an r-regular graph and C n the cycle of length n, then G • C n admits a labeling if and only if n = 4. Cichacz and Görlich [13] , posted a similar problem in 2018. Arumugam et al. [14] , discussed the following result as a characterization of entire class of non-regular distance magic graphs G with ∆(G) = n − 1. Theorem 1.6. [14] Let G be any graph of order n with ∆(G) = n − 1. Then G is a distance magic graph if and only if n is odd and G ∼ = (K n−1 − M ) + K 1 , where M is a perfect matching of K n−1 .
Later, Arumugam and Kamatchi [15] generalized the concept of distance magic labeling to (a, d)-distance antimagic labeling. An (a, d)-distance antimagic labeling of a graph G is defined as a bijection f : V (G) → {1, 2, ..., n} such that the set of all vertex weights is {a, a + d, a + 2d, ..., a + (n − 1)d}, where a and d are fixed integers with d ≥ 0. Any graph that admits such a labeling is called an (a, d)-distance antimagic graph. Further the condition is relaxed in [16] and defined that if w G (u) = w G (v), for any two distinct vertices of G, then f is called as distance antimagic labeling of G. The following problem was posted in [16] .
If G is distance antimagic, is it true that the graphs G + K 1 , G + K 2 and the Cartesian product G K 2 are distance antimagic.
The following terminologies are used in this paper. Hereafter, the graph
j are the successive vertices of C 4 corresponding to the j th vertex of G. To replace a subgraph H of the given graph G by a set U = {u 0 , u 1 , ..., u k−1 } of k vertices, we mean first remove all the edges of H and then join all the vertices of U to all the vertices of H. After the replacement of H by U in G, the new graph is denoted by G † . Further, the integer-valued functions, α(i) = 0 for i even 1 for i odd and β n (i) = 0 for i < n + 1 1 for i ≥ n + 1 are used to define the labeling in a precise way.
Construction of new distance magic graphs using H m,n
In 2012, Kovar et al. [18] established a recursive technique to construct a new distance magic graph from an existing 4-regular distance magic graph. This section gives another useful technique to construct a larger (2k + 2)-regular distance magic graph G † from an existing graph G. The technique mainly invokes few structural properties of balanced distance magic graphs and the regularity is preserved during the entire process. The following Proposition 2.1 and 2.2, discussed in [11] and [14] are used in the construction procedure later in this section.
Proof. Consider a function f ,
Here, the weight of every vertex of H 2n,2n+2 is 2n 2 + 3n.
Now, the weight of every vertex of H 2n+1,2n+3 is 2n 2 + 5n + 3.
Notice that when m is odd and n is even, H m,n is an odd regular graph and hence it is not distance magic. Further, when m and n both are odd, H m,n is a non-regular graph on n vertices. The following theorem characterizes the distance magic labeling of H 3,n . Theorem 2.1. H 3,n is distance magic if and only if n = 5.
Proof. H 3,5 is distance magic by Proposition 2.2. For all even n, H 3,n is not distance magic by Theorem 1.1 and for all odd n = 5, apply Lemma 1.1 to H 3,n by fixing
One can observe that H 2n−2,2n is a balanced distance magic graph because H 2n−2,2n is isomorphic to K 2n − M , with M any perfect matching of K 2n . Theorem 2.2. Let G be a 2n-regular distance magic graph on m vertices. If G has a subgraph H 2n−2,2n such that the label-sum of twin vertices with respect to H 2n−2,2n is m + 1, then there exists a 2n-regular distance magic graph G † on (m + 2n − 2) vertices.
Proof. Let H ∼ = H 2n−2,2n be a subgraph of a distance magic graph G such that the label-sum of twin vertices with respect to H is m + 1. To construct the graph
For any vertex x of U , since x is adjacent to all the vertices of H, we get,
For any vertex x of H, the (n − 1)-pairs of its twin neighbors v and v having label-sum m + 1, are replaced with new (n − 1)-pairs of vertices u and u having label-sum m + 2n − 1 and the labels of remaining neighbors of x are increased by n − 1. Hence,
Further, for all remaining vertices x of G † , the existing weight of x in G is increased by 2n(n − 1). Hence,
Apply the above method to H 2n,2n+2 , one can get the following new class of distance magic graph. Corollary 2.1. H † 2n,2n+2 is distance magic, where n > 1. Proof. The proof follows from the fact that H 2n,2n+2 ∼ = H 2n−2,2n + K c 2 .
The following theorem provides a subclass of non-regular distance magic graphs by employing the similar technique in Theorem 2.2. Also, both the existing and newly constructed distance magic graphs are of odd order.
For each i ∈ {1, 2, ..., 2n + 2}, the vertex v i is adjacent to v 0 and all the vertices of ∪
both vertices u k and v 0 are adjacent to all the vertices of ∪
Thus, the weight of any vertex of G † is 4n 2 + 7n + 3.
Distance magicness of G • C 4 and G × C 4
This section discusses Problem 1.1 and 1.2 for all graphs isomorphic to G.
Proof. On the contrary, assume that H ∼ = G •C 4 has a distance magic labeling f with magic constant c. Then, for any j ∈ {1, 2, ..., n − 1}, there exist positive integers a and b j such that
Now, for i ∈ {0, 1, 2, 3}, the weights of the vertices
Also, for k ∈ {1, 2, ..., n − 1}, the weights of the vertices
where j varies from 1 to n − 1, j = k and j = (k + n−1 2 ) mod (n − 1). For j ∈ {1, 2, ..., On the other hand, the sum of the labels of all the vertices, 1 + 2 + ... + 4n = 2a + 2b(n − 1). By using 3.3, a = 3n(4n+1) n+2
. But the highest possible value for a is 8n − 1. In that case, there is no n satisfying 3n(4n + 1) ≤ (8n − 1)(n + 2). Proof. Suppose that H ∼ = G×C 4 has a distance magic labeling f with magic constant c. For j ∈ {1, 2, ..., n − 1}, let s 1 , s 2 , a j , b j be positive integers such that
For k ∈ {1, 2, ..., n − 1} we have
where j varies from 1 to n − 1, j = k and j = (k + n−1 2 ) mod (n − 1). For all j = 0, by comparing w H (v i j ) and w H (v i j+1 ), one can obtain, a (j+1) mod (n−1) + a (j+
) mod (n−1) .
Now let,
where k ∈ {1, 2, ..., , which is not an integer except for n = 5.
Conversely, for n = 5, Define, Here f is a distance magic labeling of H 3,5 × C 4 , with magic constant 70. From Theorem 3.1 and 3.2, we observe that the distance magicness of the given graph is not sufficient for the above two problems to hold.
(a, d)-distance antimagic labeling of H m,n
This section exhibits the (a, d)-distance antimagic labeling of some subclasses of H m,n and provides a method for the construction of a non-regular (a, d)-distance antimagic graph from an existing one.
Lemma 4.1. Let G be an r-regular graph on n vertices.
(i) If r is odd and d is even, then G is not (a, d)-distance antimagic.
(ii) If r, n are even and d is odd, then G is not (a, d)-distance antimagic.
Proof. If G is an r-regular (a, d)-distance antimagic graph, then by using Lemma 1.3,
We know that K n is an (a, d)-distance antimagic graph if and only if d = 1. Moreover, if M is any perfect matching of K n , then any (n − 2)-regular graph G on n vertices is isomorphic to K n − M . Since the twin vertices of G share a common neighborhood, G is not (a, d)-distance antimagic for any d ≥ 1. Now, for even n, the following lemma gives a necessary condition for an (n − 3)-regular graph on n vertices to be (a, d)-distance antimagic. Proof. From Lemma 1.3, we have,
Again, by Lemma 4.1, d = 1 is the only possibility.
for which the distinct weights in arithmetic progression are, 
Notice that the distinct weights in arithmetic progression are,
for i = 2n + 1 8n 2 + 10n + 2 for i = 2n + 4 8n 2 + 8n − 2α(i + 1) + i for 2n + 3 ≤ i ≤ 4n + 2, i = 2n + 4, 4n + 1 8n 2 + 12n + 1 for i = 4n + 1 8n 2 + 12n + 2 for i = 0 8n 2 + 12n + 3
for i = 2n − 1 8n 2 + 12n + 4 for i = 2n + 2 8n 2 + 14n + 2 + 4α(i + 1) − i for 1 ≤ i ≤ 2n, i = 2, 4, 2n − 1 8n 2 + 14n + 2 for i = 4 8n 2 + 14n + 3
for i = 4n + 3 8n 2 + 14n + 4 for i = 2.
Hence, f is an (a, 1)-distance antimagic labeling with a = 8n 2 + 10n + 1. The converse follows from Lemma 4.2.
It is observed from [14] that when n is even, any (n − 2)-regular distance magic graph on n vertices can be extended to a non-regular distance magic graph on n + 1 vertices. We know that if G is (a, d)-distance antimagic graph then G is trivially a distance antimagic graph. The following theorem provides a technique to construct new class of non-regular (a, d)-distance antimagic graphs from existing ones and also a partial solution to a much stronger version of the Problem 1.3.
, then there exists a non-regular (a , k − 2)-distance antimagic graph on n + 1 vertices, where a = a + n + 1.
Proof. Let G be an (n−k)-regular graph on n vertices and f be an (a, k −2)-distance antimagic labeling of G. Clearly, a = n 2 −2kn+3n−2 2
. If k = 2, the result follows from Theorem 1.6. When k > 2, construct a graph
, which forms an arithmetic progression with n th term, It is interesting to see that Theorem 4.3, Corollary 4.1 and 4.2 together exhibit (a, 1)-distance antimagic graphs G on n vertices, for any even integer n ≥ 6 and for any odd integer n ≥ 9 and n ≡ 1 mod 4.
From Lemma 4.2, H 4,n is not (a, 1)-distance antimagic, when n is even. The following theorem guarantees the existence of (a, 1)-distance antimagic labeling of H 4,n , when n is not even. Proof. Let G ∼ = H 4,n with n ≡ 3 mod 4. Define a temporary labeling f on G as,
(n + 1). Since gcd(k, n) = 1, f is a bijection. The weights of the vertices of G can be obtained as, (n − 1) − (1 − β n−5 (i)) − i for i = n − 2, n − 3, n − 5, n − 6 2n for i = n − 4.
Here, f † is an (a, 1)-distance antimagic labeling of G with a = 3n+5 2 .
Conclusion and Scope
This paper discusses the concept of distance magicness and (a, d)-distance antimagicness of subfamilies of Harary graph. Two techniques for building larger classes of distance magic and (a, d)-distance antimagic graphs from the existing ones, are constructed. More importantly, some classes of non-regular distance magic and (a, d)-distance antimagic graphs are constructed through these techniques. A comprehensive list of subfamilies of H m,n , which are known to admit distance magic and (a, d)-distance antimagic labeling, is given in Table 1 .
